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Introduction

T HE character of insensitivity to extraneousdisturbanceand in-
ternal parameter variationson a switching surface makes vari-

ablestructurecontrol(VSC)aneffectivemethodto controluncertain
nonlineardynamicsystems.In theory,any controlscheme thatmain-
tains its performance with the existence of uncertain factors should
have a loop gain high enough. However, the inputs of a system are
usually restrictedby its physical structureand energy consumption,
which also give the system inputs such nonlinearcharactersas satu-
ration,deadzone,etc.The existenceof nonlinearinputsis a sourceof
degradation or, even worse, shows instability in the performanceof
the system.1 Therefore, it is important to study the stability, robust-
ness, and effectivecontrolof those systemswith nonlinearinputs. In
addition to nonlinear inputs, there are still plant uncertainties, such
as identi� cation inaccuracy,model truncation,plant parameter vari-
ation, etc. Therefore, more consideration is given to those systems
with nonlinear inputs and uncertainties.

In Ref. 1, a new sliding mode control law based on the measur-
ability of all of the system states is presented to ensure the global
reaching condition of the sliding mode for uncertain systems with
a series of nonlinearities.However, there often exist immeasurable
states in a real system.Thus, we suggesta new law that requiresonly
output information for output feedback VSC based on Ref. 1. An
example is given to verify the sliding mode controller developed.

Problem Formulation
As in Ref. 1, an uncertainsystemwith nonlinearinput is described

as

Çx(t ) = Ax(t ) + B U [u(t )] + f (x, p, t) (1)

where x(t ) 2 Rn , u(t ) 2 Rm , p(t ) 2 Rq , and f (t ) 2 Rs are the state
variable, control input, uncertain parameter, and uncertain part of
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the system, respectively. A 2 Rn £ n is the state matrix, B 2 Rn £ m

the input matrix, and U (u) 2 W the nonlinear input function. It is
also assumed that, for any initial condition x(t0) =x0 2 Rn , param-
eter p(t ) 2 Rq , and control input u(t) 2 Rm , there exists a unique
x(t ; x0, p, u) that satis� es the system described in Eq. (1).

To delineate the nonlinear input function U (u), some of the def-
initions in Ref. 1 are given here.

De� nition 1: Let diagonal matrix C =diag[r1 , . . . , rm ] 2 Rm £ m

be positive de� nite.
De� nition 2: The allowed series nonlinearities U (u) belong to

the set

W =
©
U : Rm ! Rm ; ri u2

i · ui U i (u), ui 2 R,

i = 1, . . . , m, u 2 Rm
ª

(2)

For the nonlinearity U (u) 2 W , U (u) satis� es

uT U (u) ¸ uT C u ¸ ruT u (3)

where r = min{r1 , . . . , rm }. For system (1) the following assump-
tions are made throughout.

Assumption 1: For all i =1, . . . , m, if ui =0, then U i (u) = 0.
Assumption 2: For the uncertain system (1), matrix pair (A, B) is

controllable,and the system is observable.
Assumption 3: For the uncertain part of the system, f(x, p, t)

meets the following matching condition:

f(x, p, t ) = Bn (x, p, t), k n (x, p, t ) k < k(y, t )

8 (x, p, t ) 2 Rn £ R p £ R (4)

Design of Output Feedback Variable
Structure Controller

De� ne the output of the system as y =Cx, y 2 Rr . Assume that
the system is observable and controllable, CB is full rank, and the
open-loop system is minimum phase.2 De� ne the linear switching
surface as

S = Gy (5)

where G 2 Rm £ r . The sliding mode found from the equivalent con-
trol method is given by

Çx = [A ¡ B(GCB) ¡ 1GCA]x (6)

Switching surface G is assumed to have already been chosen such
that GCB is invertible and Eq. (6) has desired characteristics (see
Ref. 3).The equivalentcontrol U eq in the slidingmodecanbederived
from ÇS = 0:

U eq = ¡ (GCB) ¡ 1GC(AX + f ) (7)

Note that the equivalent control U eq is a mathematical tool derived
for the analysis of sliding motion rather than a real control law
that can be generated in practical systems. The equivalent control
generatesan ideal sliding motion on the switching surface. It can be
seen thatuncertainsystemspossessthe samepropertiesin the sliding
mode irrespective of whether or not there are input nonlinearities.
Thereby, the switching surface can be selected in the same way as
the design for systems with linear input.1

Once a proper switching plane has been chosen, it is necessary
to choose a discontinuous control law to guarantee the reaching
conditionof the sliding mode. The lemma in Ref. 1 is adopted here.

Lemma 1: For all allowable nonlinearities U i belonging to set W
in Eq. (2), thereexistsaknowncontinuousfunction q (¢ ) : R+ ! R+ ,
q (0) = 0, q ( g ) ¸ 0 for g ¸ 0, such that, for all u 2 Rm ,

q ( k uk ) · uT U (u) (8)

and there also exists a continuousfunction u (¢ ) : R+ ! R+ , u (0) =
0, u ( g ) ¸ 0, for g ¸ 0, such that, for all q ¸ 0,

q [u (q)] ¸ q u (q) (9)

Proof: Choose q (g ) =r g 2, r > 0, then

q ( k uk ) = r k uk 2 = ruT u · uT U (u) (10)



J. GUIDANCE, VOL. 23, NO. 4: ENGINEERING NOTES 763

Next, take u (q) = d q , d ¸ 1/ r , then

q [u (q)] = r u 2(q) = r ¢ d q ¢ u (q) ¸ q u (q) (11)

To obtain asymptotic stability of the sliding mode and to guarantee
the reaching condition of the sliding mode, a VSC is presented:

u(t) = ¡
BT CT GT S(t)

k BT CT GT S(t) k
u (q) (12)

where u (q) = d q, d ¸ 1/ r , and function q(¢ ) : Rn £ R ! R is de-
� ned as

q(¢ ) =

³
¡ ST GCBNy + a k Sk

k BT CT GT Sk

´
(13)

Choose a such that q(¢ ) ¸ 0. Note that k u(t ) k = u (q), and the in-
formation required comes only from system output. The following
theorem will prove that the developed control law (12) is capable
of driving the uncertain system trajectory into the sliding mode
S(t ) =0.

Theorem 1: Consider the uncertain system (1) with series of non-
linearitiessubjected to Assumptions1–3. If the input u(t ) is de� ned
by Eq. (12), then the sliding motion of the system trajectory is guar-
anteed reachable.

Proof: The reaching condition of the sliding mode is de� ned as
ST (t ) ÇS(t) < 0. Substitute Eq. (1) into the time derivative of Eq. (5);
we have

ST (t ) ÇS(t) = ST GC Çx = ST GC(Ax + B U (u) + Bn )

= ST GCAx + ST GCB U (u) + ST GCBn (14)

From Eqs. (3) and (12), we get

uT U (u) = ¡
ST GCB

k BT CT GT Sk
u (q) U (u) ¸ ruT u = q (k uk ) (15)

Because k uk = u (q), from Lemma 1, we obtain

uT U (u) ¸ q ( k uk ) = q [ u (q)] ¸ q u (q) (16)

Therefore, from Eqs. (15) and (16), the following expressionholds:

ST GCB U (u) · ¡ q(¢ ) k BT CT GT Sk (17)

Substitute Eq. (17) into (14), then

ST ÇS · ST GCAx + ST GCBNy ¡ a k Sk + ST GCBn (18)

Equation (18) can be rewritten as ST ÇS ·ST GC(A + BNC)x ¡
a k Sk + ST GCBn . Note that a nonsingulartransformationof switch-
ing surface will not change the sliding mode dynamics. If a partic-
ular switching surface S1 = G1y is chosen, it can be transformed to
S = Gy, where G = (G1CB) ¡ 1G. Therefore, without loss of gener-
ality, assume that GCB = I.

The reaching condition is de� ned as ST ÇS < 0. For this system, it
is

ST ÇS · ST GC(A + BNC)x ¡ a k Sk + ST GCBn · 0 (19)

De� ne the singular value decomposition of GC as GC =U R VT
1 ,

whereU 2 Rm £ m , R 2 Rm £ m , andV1 2 Rn £ m . (The followingproof
is similar to the proof in Ref. 2.)

Theorem 2: For the control law in Eq. (12), choose

N = ¡
¡
c I + GCAV1 R

¡ 1UT
¢
G (20)

where c > 0 is a scalar. If a is chosen to satisfy a > ( k GCAk X + k),
X > 0, and q(¢ ) ¸ 0, then the reachingconditionST ÇS < 0 is satis� ed
for {x : k xk k · X }.

Proof: Substitute N into the reaching condition in Eq. (19), and
use GCB = I; we have

ST ÇS · ST GC
¡
A ¡ BGCAV1 R ¡ 1UT GC

¢
x ¡ c ST S ¡ a k Sk + ST n

(21)

If x is decomposed as x = xk + xp , where xk 2 N(GC) and
xp 2 N ? (GC), then GCx = GCxp . Simplify the � rst term on the
right-hand side; it can be decomposed as

ST GCA
¡
I ¡ V1 R

¡ 1UT GC
¢
x = ST GCAxk

+ ST GCA
¡
I ¡ V1 R

¡ 1UT GC
¢
xp (22)

If GC =U R VT
1 , then xp = V1¯ for some vector ¯. By the use of

VT
1 V1 = I and UT U = I, the second term on the right-hand side of

Eq. (22) is zero, and so the expression in Eq. (21) is reduced to

ST ÇS · ST GCAxk ¡ c ST S ¡ a k Sk + ST n (23)

If X ¸ k xk k , the upper bound for the expression in Eq. (23) is

ST ÇS · k Sk k GCAk X ¡ c ST S ¡ a k Sk + k Sk k (24)

Choose a such that q(¢ ) ¸ 0 and a > ( k GCAk X + k); then the reach-
ing condition is satis� ed.

If the system is strictly positive real, if c is chosen such that
2 c ¸ ¡ k min(GCAV1 R ¡ 1UT + U R ¡ 1VT

1 AT CT GT ), and if the other
parameters are chosen as they were earlier, the system is globally
asymptotic (see the proof in Ref. 2).

Numerical Simulations
For the nonlinear � exible structure, for example, the solar panel

of a satellite, the vector equation of the dynamics can be written as

I Çx + Bt
c q̈ + V( x )Hm = T, A f q̈ + D f Çq + E f q + Bc Çx = 0

(25)

where I is the inertialmatrix of the satelliteand x =[ x x x y x z]T is
the angle velocity matrix. Hm = [h x h y h z]T is the angle momen-
tum of the satellite; q = [qN qP qT ]T is the � rst mode of vertical,
in-plane panel and torsion bending motion of the solar panel; and
T =[Tx Ty Tz]T is the vector of actuator torque. A f , D f , and E f

are the generalized mass, damp, and rigid matrix, respectively. Bc

is the coupling matrix between the attitude of the satellite and the
vibration of the solar panel.

Take the state vector as

x =[h x h y h z qN qP qT Çh x Çh y Çh z ÇqN Çq P ÇqT ]

then Eq. (25) can be written as

Çx = Ax + B U (u) + f(x, t ) (26)

where x 2 Rn , A 2 Rn £ n , B 2 Rn £ m , and u 2 Rm ; the nonlinear term
f (x, t ) is usually imprecise and is taken as the unknown disturbance
and satis� es Eq. (4). In practical implementation,the control inputs
are restricted by physical structure and energy consumption. Thus,
the inputs in system realization always behave as bounded control.
Here the nonlinearity in the input U (u) is taken as saturationwhose
saturated value is 80 N¢ m. The system satis� es all of the assump-
tions given earlier.

Where

V(w) =

2

4
0 ¡ w z w y

w z 0 ¡ w x

¡ w y w x 0

3

5 (27)

the parameters for the simulation are

I =

2

4
Ix Ix y Ix z

Ix y Iy Iyz

Ix z Iyz Iz

3

5 =

2

4
3000 35 0

35 1500 0

0 0 2500

3

5

A f = diag(aN , aP , aT ) = diag(15.51, 19.92, 9.78)

D f = diag(dN , dP , dT ) = diag(0.01, 0.01, 0.01)

E f = diag(eN , eP , eT ) = diag(65.83, 708.94, 342.10)

Bc = diag(bN , bP , bT ) = diag(145.00, 11.20, 84.00)
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Fig. 1 Angle response of
the roll channel.

Fig. 2 Angle response of
the yaw channel.

Theangleresponsesof the rollchanneland theyawchannelaregiven
in Figs. 1 and 2. From the simulationswe can see that the vibrations
of the � exible structure attenuate asymptotically and the system is
asymptotically stable. Without consideration of the nonlinearities
in the input, the system is unstable.

Conclusion
Based on the Ref. 1, a new output feedback VSC law is presented

in which only the output information is required to guarantee the
stability of the uncertainsystem with the nonlinearitiesin the input.
An example is given to verify the sliding mode controllerdeveloped
in this paper and to verify that the sliding mode is reachable for the
given control law.
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